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Abstract
We investigate the rotating black hole shadow and its observables in asymptotically safe gravity
(ASG). The shape and size of shadow depends on various parameters such as black hole mass
(M), spin parameter (a) and ASG parameters (ζ) and (γ). We derive the complete null geodesics
using Hamilton-Jacobi equation and Carter separable method. In our study, we find that the
ASG parameters effectively change the black hole shadow as it appears smaller and more distorted
in ASG as compared to their general relativity counterparts. We estimate the spin and ASG
parameter from the study of shadow observables.
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I. INTRODUCTION
Einstein formulated the theory of General Relativity (GR) long back in 1915, which is
still considered one of the most profound physical theory of all time. The physicists are
struggling to develop a fully consistent theory of quantum gravity. That Einstein theory of
GR is perturbatively non-renormalizable (except for pure gravity with no interaction with
scalar fields at one-loop level) [1–3], therefore it is consider merely as an effective field the-
ory. We can put a suitable cut-off at high energy limit, which as a result gives a correct
description of gravity up to a certain energy scale and length scale, i.e. near singularity
of black hole the classical description of GR cease to validate and demands a new physical
theory.
The consistent theory of quantum gravity is phenomenologically important at least for two
crucial reasons, namely for the unified theory of fundamental interaction (GUT), and for
the origin of the Universe [4, 5]. However, in the process of formation of such theory using
perturbative calculations the intangible hurdle comes in the form of non-renormalizability.
Particularly this inevitable problem is the manifestation of the fact that the gravitational
coupling constant is a dimensionful (dimension [M ]−2) quantity, rendering the infinite se-
ries of counter-terms to eliminate the divergences in the theory [6]. Indeed at each loop
correction in perturbation theory, the ultraviolet (UV) divergences in quantum gravity get
worse and worse, as a result, the divergence has unbounded growth. To tackle this problem
of non-renormalizability and to construct a full UV complete quantum theory of gravity
physicist have explored various possibilities, e.g., string theory [7, 8], loop quantum gravity
[9, 10] and noncommutative geometry [11]. The UV completion of gravity would validate
it to all energy scale (including arbitrary high energy scale) but it demands theory to be
renormalizable. Even considering the GR as low energy limit of a more general theory called
supergravity [12], the problem of non-renormalizability could not be resolved completely, al-
though it alleviates the UV divergence of theory by reducing the number of diverging terms
due to the underlying supersymmetry. The standard perturbative quantization of gravity
was ended up in an impasse until a non-perturbative approach for renormalization of grav-
itational theory discovered called the asymptotic safety gravity [13, 14]. They suggested
that there exist a fixed point in the UV limit in the renormalization group flow [15, 16];
the running of a gravitational coupling constant approach fixed point in UV limit such that
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physical quantities become safe of unphysical divergences. The resulting theory would be
asymptotically safe in the sense that at high energies unphysical divergences are likely to be
absent [17, 18]. The asymptotically safe gravity (ASG) extend the outreach of effective field
theory approach such that we can safely remove the UV cut-off from the theory and can have
a complete description at all energy scale (including arbitrarily high energies) [14, 19–21].
Since the ASG has significant effects at short distances (or high energy scale) and black
hole provides a natural testbed to study the gravity in its strongest regime, therefore it
would also be interesting to study the black hole shadows in this context both from the
phenomenological view to understand the theory of quantum gravity and from the observa-
tional perspective. Black hole solutions in the ASG theory have been extensively studied
[22–25, 69? ] and discovered that the black hole properties change remarkably in the ASG
theory.
Here, we wish to understand what impact the quantum corrections from ASG on the
morphology of a supermassive black hole shadow and on the near spacetime geometry. Two
major projects for black hole shadow observation, namely Event Horizon Telescope [26] and
BlackHoleCam [27] are targeting supermassive black hole Sagittarius A* (Sgr A*) at our
galactic center and likely to soon release first observational outcome. Therefore, a rational
study of black hole shadow may reveal the near-horizon structure and may open a window
to quantum gravity. In a pioneering study, Synge [28] and Luminet [29], for the first time
ever determined the shadow of Schwarzschild black hole over a bright background, which for
Kerr black hole was later determined by Bardeen [30]. Indeed, shadow is a gravitationally
lensed image of the photon captured region accounting for those photons which inevitably
end up in the black hole over a finite affine parameter, thus, its silhouette appears as a
sharp boundary between dark and bright region. Having the assertion that a black hole
shadow observation will be available in near future, a large comprehensive literature has
been addressed the shadow study either within GR or modified gravities [31–51]. In addition,
the effect of surrounding thin plasma medium on the rotating black hole shadow also has
been studied [52–54], the Kerr black hole shadow with scalar hair by ray tracing method
was reported in [55, 56] and it is also extended to the higher dimensional spcaetime [57–60].
Moreover, characterization of shadow may provide a potential way to estimate the black hole
parameters [38, 61–63]. Recently, it is found that shadow observations may offer a way to
distinguish noncommutative geometry inspired black hole from the Kerr one [64]. It is also
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believed that quantum modifications to black hole solutions may propagate to the horizon
scale and may have observable implications for astrophysical phenomena that originate in
the vicinity of horizons [65, 66]. Indeed, metric fluctuation have similar observable effects on
black hole shadow [67]. Moreover, a detailed comprehensive analysis of black hole shadow
can provide a better opportunity to study the physical processes at the very vicinity of
horizon and also to determine the correct theory of gravity in its strongest regime.
The paper is organized as follow. In Sec. II, we discuss the rotating black hole in the ASG,
the null geodesics in this spacetime are discussed in Sec.III. Further in Sec. IV, we obtain
the black hole shadow. In Sec. V, we summarize our main results.
II. ROTATING BLACK HOLE IN ASG
In the ASG theory, the modification in action comes in the form of including higher order
derivative terms . The rotating black hole in ASG [68], in the Boyer-Lindquist coordinate
takes the form
ds2 = −
(
1− 2MG(r)r
Σ
)
dt2 − 4MG(r)ar sin
2 θ
Σ
dtdφ+
Σ
∆
dr2 + Σdθ2 +
∆1 sin
2 θ
Σ
dφ2 (1)
with
Σ = r2 + a2 cos2 θ, ∆ = r2 + a2 − 2MG(r)r, ∆1 = (r2 + a2)2 − a2∆sin2 θ, (2)
where G(r) = G0r
3
r3+ζ(r+γMG0)
is running (or scale-dependent) coupling constant which at
asymptotically large r matches with the Newton’s gravitational constant G0, i.e., r →∞⇒
G(r)→ G0, while at small length scale significantly differ from G0. The parameters ζ and γ
are new variable of ASG. Eq. (1) represent the Kerr black hole solution in the ASG theory.
In the infra-red limit the solution (1) takes the form [69]
ds2 =−
(
1− 2MG0r
Σ
(
1− ζ
r2
))
dt2 − 4MG0ar sin
2 θ
Σ
(
1− ζ
r2
)
dtdφ+ Σdθ2 +
Σ
∆2
dr2
+ sin2 θ
(
r2 + a2 +
2Ma2r sin2 θ
Σ
(
1− ζ
r2
))
dφ2,
(3)
where ∆2 = r
2 − 2Mr + a2 + 2Mζ
r2
. Equation (1) represent the exterior spacetime of a
stationary, rotating and axially symmetric black hole in the ASG theory, which reduces to
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the Kerr black hole in the absence of asymptotic safety ζ → 0. The static and spherically
symmetric black hole solution in infra-red limit can be retained from Eq. (3) as the limiting
case of a = 0. The horizon of a black hole is a null hypersurface generate by null geodesics,
which defined by the solution of equation grr = 0. The spacetime (3) admit two horizon
solutions corresponds to Cauchy and event horizon, which are closely spaced as compared
to GR solution. Indeed, horizon properties change significantly when one consider the ASG
modifications, even in the infra-red limit.
III. NULL GEODESICS AROUND ROTATING BLACK HOLE IN ASG
In this section, we study the test particle trajectory in the rotating black hole spacetime
(1) in ASG . We can safely assume that the black hole is in the presence of a luminous
background (or surrounded by glowing accreting gas). The light coming from this source
will get deflected due to a strong gravitational field near black hole before reaching to the
distant observer. This deflection of light has explicit dependency over various parameter i.e.,
black hole mass M , spin parameter a, photon energy E , angular momentum L, and impact
parameters. The photon trajectory can be classified into three categories namely, capture
orbit, scattering orbit, and unstable circular and spherical orbit [33, 38]. The photons
moving on unstable orbits will form the apparent shape of the event horizon, which further
get gravitationally lensed to depict the black hole shadow. The apparent shadow of the
black hole is always larger than the actual geometrical size of the event horizon. To solve
geodesic equations of motion we choose Hamilton-Jacobi equation and a separable method
which was originally given by Carter [70]. The Jacobean action S = S(xµ, τ) as a function of
spatial co-ordinate xµ and affine parameter along null geodesics τ , and the Hamilton-Jacobi
equation can be reads
∂S
∂τ
= −1
2
gαβ
∂S
∂xα
∂S
∂xβ
. (4)
The stationary and axially symmetric spacetime described in Eq. (1) admits the time-
translational and rotational invariance, which guarantees the existence of two conserved
quantities associated with the test particle along geodesics namely, energy E and angular
momentum L. Therefore, we can choose a separable solution in the following form [71]
S = 1
2
m0
2τ − Et+ Lφ+ Sr(r) + Sθ(θ), (5)
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where m0 is the mass of the test particle which is zero for the photon. By using the
Hamilton-Jacobi equation and the variable separable solution we analytically derived the
geodesic equations, which for photons can be written as
Σ
dt
dτ
=
1
∆
(∆1E − 2MG(r)arL) , (6)
Σ
dr
dτ
=
√
R(r) , (7)
Σ
dθ
dτ
=
√
Θ(θ) , (8)
Σ
dφ
dτ
=
1
∆
(
2MG(r)arE + (Σ− 2MG(r)r)L csc2 θ) , (9)
where R(r) and Θ(θ) in Eq. (7) and (8) are the pure functions of radial and angular coor-
dinate, respectively and have the following form
R(r) = [(r2 + a2)E − aL]2 − (r2 − 2MG(r)r + a2)[(aE − L)2 +K], (10)
Θ(θ) = K − (L2 csc2 θ − a2E2) cos2 θ, (11)
with a separable Carter constant K. These equations completely define the photon geodesics
in the spacetime of rotating black hole in ASG. Since the metric (1) is asymptotically flat at
(r → ∞), therefore the null geodesics will be a straight line at spatial infinity. In order to
study the general photon orbits we define two dimensionless quantities or impact parameters
in terms of constants of motion as ξ = L/E and η = K/E2. From the radial equation of
motion (7) we can rewrite the function R(r) for photon case and also in terms of impact
parameters η and ξ in the following way
R(r) = 1E2
[(
(r2 + a2)− aξ)2 − (r2 − 2MG(r)r + a2) ((a− ξ)2 + η)] . (12)
From Eq. (7), we can get the functional form of effective potential experienced by photons
in the black hole spacetime. In the vicinity of horizon, the gravitational field is so mighty
that even photons are enforced to move in the bound orbits, which can be characterized by
the maximum of effective potential. It has been studied that photons moving with higher
angular momentum than those moving on circular orbit feels scattering, while those with
smaller angular momentum falls into the black hole. Therefore, the unstable orbits, which
separate the scattering and capture orbit are crucial for the study of shadow silhouette.
Thus photons which account for the shadow silhouette experience radial turning point in
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their trajectory and also correspond for local maximum of effective potential:
R(r) = ∂R(r)
∂r
= 0, and
∂2R(r)
∂r2
≤ 0. (13)
Every orbit around a black hole is characterized by constant ξ and η, which for the unstable
orbit took the value
η =
−r04
a2((M − r0)r05 + r02(−2r02 +Mr0(3− 2γ) + 4M2γ)ζ − (r0 +Mγ)2ζ2)2)
[
4a2M
(r0
3 + r0ζ +Mγζ)
2(−r03 + r0ζ + 2Mγζ) + (r05(−3M + r0) + r03(2r0 +M(−1 + 2γ))ζ
+ (r0 +Mγ)
2ζ2)2
]
, (14)
ξ =
1
a((M − r0)r05 + r02(−2r02 +Mr0(3− 2γ) + 4M2γ)ζ − (r0 +Mγ)2ζ2)
[
r0
5(r0
2(−3M
r0) + a
2(M + r0)) + r0
2(a2(r0(3M + 2r0) + 2M(2M + r0)γ) + r0
3(2r0 +M(−1 + 2γ)))ζ
+(a2 + r0
2)(r0 +Mγ)
2ζ2
]
, (15)
where r0 is the unstable orbit radius satisfying Eq. (13). The trajectory of photon orbits
around the black hole in ASG can be defined by the above Eqs. (14) and (15). In the limit
(ζ → 0) the expressions of impact parameters exactly reduce to the Kerr spacetime which
takes the following form
ξ =
r0
2(r0 − 3M) + a2(M + r0)
a(M − r0) , (16)
η =
r0
3(4a2M − r0(r0 − 3M)2)
a2(M − r0)2 . (17)
The expressions η and ξ in Eqs. (14) and (15) give the critical values of impact parameters
for photon undergoing unstable orbits around black hole. In order to define the shadow
on the celestial sphere of a far distant observer we need to define celestial coordinates in
observer frame which we will discuss in the next section.
IV. BLACK HOLE SHADOW AND OBSERVABLES
A far distant observer perceive black hole shadow as a dark region over a luminous
background. The shadow of non-rotating black hole appears as a perfectly circular disc
while the shapes of rotating black hole shadow get distorted due to the additional spin
parameter. The black hole shadow can be better visualized by celestial coordinate α and β,
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FIG. 1: Plot showing the black hole shadow in ASG theory for different values of ζ, γ and a.
which are the apparent angular distance of shadow silhouette from the direction of line of
sight projected on the celestial sphere, and are defined as [38]
α = lim
r∗→∞
(
−r2∗ sin θ0
dφ
dr
)
, β = lim
r∗→∞
r2∗
dθ
dr
, (18)
where r∗ is the distance between the observer and the black hole while θ0 is the inclination
angle between the line of sight of the observer and the rotational axis of the black hole, for
practical purpose we can consider r∗ →∞. Using geodesic equations and celestial coordinate
equations one can directly relate coordinate α and β to the impact parameter as
α = − ξ
sin θ0
, β =
√
η + a2 cos2 θ0 − ξ2 cot2 θ0. (19)
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The effect of black hole shadow is most significant at the equatorial plane (θ0 =pi/2) and
decrease further as we move towards a polar end, therefore keeping the observer at the
equatorial plane the above equations of celestial coordinate reduces to
α = −ξ, β = ±√η, (20)
which satisfy the following relation
α2 + β2 =
1
a2 (ζr02 (4γM2 + (3− 2γ)Mr0 − 2r02) + r05(M − r0)− ζ2(γM + r0)2)2
[(
(2γζM
− r03 + ζr0)(r04
(
4a2M
(
γζM + r0
3 + ζr0
)2))
+
((
r0
5(r0 − 3M) + ζr03(2γ − 1)M
+ 2ζr0
4) + ζ2(γM + r0)
2
)2)
+
(
r0
5(r0
2(−3M + r0) + a2(M + r0))
+ r0
2
(
a2ζ2
(
a2 + r0
2
)
(2γM(2M + r0) + r0(3M + 2r0))
)
(γM + r0)
2
+ r0
3((2γ − 1)M + 2r0))ζ
)2]
. (21)
The contour of the above equation traces the apparent shape of the rotating black hole
shadow in the ASG, which for the Kerr black hole can be revert back in the limit of ζ → 0,
where the above equation reduces to
α2 + β2 =
a2(M + r0)
2 − 6M2r02 + 2r04
(M − r0)2 . (22)
The shadow of black hole in ASG has explicit dependency over the parameter a and ζ . We
have shown the contour of rotating black hole shadow in Fig. 1 and 2 for different values
of ζ , a and γ. In Fig. 1 we plotted shadow for various values of ζ by fixing a and γ, while
plots in Fig. 2 shows contour of black hole shadow for different values of a by keeping ζ and
γ fixed. To characterize the shape and size of the shadow, we adopt the observables: radius
of shadow Rs and distortion parameter δs [38]. Indeed, Rs is the radius of reference circle
passing by three points (top, bottom, and extreme right) of the shadow boundary, whereas
δs characterizes its deviation from the perfect circle. The first observable Rs can be written
in terms of the celestial coordinates of some specific points on the shadow as follow [38]
Rs =
(αt − αr)2 + βt2
2|αt − αr| , (23)
where (αt, βt) is the topmost position where the contour of black hole shadow and the
reference circle cut the vertical axis and similarly (αr, βr) is the rightmost position where
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FIG. 2: Plot showing the black hole shadow in ASG theory for different values of ζ and a.
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the reference circle and contour of shadow cut the horizontal axis. The second observable δs
completely depends upon dent Ds(= αl− α˜l) and shadow radius Rs which can be expressed
in the following form [38]
δs =
Ds
Rs
. (24)
Here, αl and α˜l are the coordinates where shadow and the reference circle cut the negative
α axes. In our study we find that the spin a, and ASG parameters ζ and γ sufficiently affect
the shape and the size of the shadow. For instance, with increasing values of a and ζ the
black hole shadow gets distorted and a dent appears in the left side of the shadow. Rotating
black hole shadow in ASG is considerable different from Kerr black hole, though the effects
of ASG parameters are more prominent for higher values of black hole spin (c.f. Fig. 1).
In Fig. 3, we show the variation of shadow radius Rs and the distortion parameter δs with
ASG parameter ζ for different spin parameter. It is very evident that the radius of shadow
decreases monotonically while the distortion parameter gets increases with increasing ζ .
Since, the shadow observables for black hole in ASG are notably different from those in GR,
therefore, it would be interesting to extract out black hole parameters from the analysis of
shadow. In order to estimate these parameters, we make an analysis in Fig. 4, where the
intersection of constant curves of Rs and δs gives the exact value of black hole spin and ASG
parameter ζ . We have also plotted non-rotating black hole shadows in Fig. 5 for different
values of ζ . The first silhouette in Fig. 5 (full black line) corresponds to the Schwarzschild
black hole in GR (ζ = 0), and it can be clearly inferred from the figure that with increasing
values of ζ the shadow size decreases. From the study of the non-rotating case, we conclude
that the black hole shadow in ASG is still circular but appears smaller as compared to the
shadow of the Schwarzschild black holes in standard GR.
V. CONCLUSION
The usual perturbative approach for quantization of gravity faces the problem of infinite
numbers of diverging terms due to the dimensionality dependency of gravitational coupling
constant. In the expedition of constructing a fully consistent theory of quantum gravity,
Weinberg made an important headway by fixing the running gravitational constant at UV
scale [13]. The short distance behavior of gravity is characterized by a non-trivial fixed point
of running gravitational coupling constant in the renormalization group flow. As far as the
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effects of asymptotic safety on black hole spacetime are concerned, the quantum effects are
small for the massive black hole and also diminishes at very large distance. Nevertheless,
even in the IR limit, the black hole in ASG theory are significantly differ from their GR
counterparts. The generic absence of curvature singularity at center results in the zero
temperature finite mass black hole remnant which formed at the final stage of black hole
evaporation.
In this paper, we investigate these quantum corrections in the ASG propagate beyond
the black hole horizon and left any imprints on the shadow. We study the black hole
shadow in ASG as perceived by a far distant observer sitting on the equatorial plane. The
ASG parameters affect the near horizon geometry, and so does the black hole shadow.
In particular, the shadow of black hole in ASG is considerably different from their GR
counterpart. Hence, similar to the noncommutativity and the metric perturbations the
quantum corrections manifested in the ASG theory may also have observational effects in
the shadow detection. Shadow radius decrease with increasing ζ , whereas the intrinsic
distortion in rotating black hole shadow gradually increase with increasing ζ . It is found
that the effect of asymptotic safety on rotating black hole shadow is more prominent for
higher values of the spin parameter, whereas for slowly rotating black holes it would be
difficult to distinguish shadow in ASG theory from the corresponding one in standard GR.
VI. ACKNOWLEDGMENTS
S.G.G. would like to thank DST INDO-SA bilateral project DST/INT/South Africa/P-
06/2016 and also to IUCAA, Pune for the hospitality while this work was being done. R.K.
would like to thank UGC for providing SRF.
[1] N. D. Birrell and P. C. W. Davies, Quantum Fields in Curved Space (Cambridge University
Press, Cambridge, 1982).
[2] O. Aharony and T. Banks, JHEP 9903, 016 (1999).
[3] G. t’Hooft and M. Veltman, Ann. Inst. Henri Poincare XX, 69 (1974).
[4] H. Georgi and S. L. Glashow, Phys. Rev. Lett. 32, 438 (1974).
[5] A. Albrecht and P. J. Steinhardt, Phys. Rev. Lett. 48, 1220 (1982).
13
[6] M. H. Goroff and A. Sagnotti, Nucl. Phys. B 266, 709 (1986).
[7] M.B. Green, J.H. Schwarz and E. Witten, Superstring Theory, V.1,2 (Cambridge University
Press, Cambridge, 1987).
[8] K. R. Dienes, Phys. Rept. 287, 447 (1997).
[9] B. S. DeWitt, Phys. Rev. 162, 1195 (1967).
[10] C. Rovelli, Living Rev. Rel. 1, 1 (1998).
[11] J. W. Moffat, Phys. Lett. B 491, 345 (2000).
[12] P. Van Nieuwenhuizen, Phys. Rept. 68, 189 (1981).
[13] S. Weinberg, Ultraviolet Divergences in Quantum Theories of Gravitation, in General Rela-
tivity. An Einstein Centenary Survey, edited by S. W. Hawking and W. Israel (Cambridge
University Press, Cambridge, England, 1980).
[14] M. Reuter, Phys. Rev. D 57, 971 (1998).
[15] W. Souma, Prog. Theor. Phys. 102, 181 (1999).
[16] O. Lauscher and M. Reuter, Phys. Rev. D 65, 025013 (2002).
[17] K. S. Stelle, Phys. Rev. D 16, 953 (1977).
[18] D. Benedetti, P. F. Machado and F. Saueressig, Mod. Phys. Lett. A 24, 2233 (2009).
[19] M. Niedermaier, Class. Quant. Grav. 24, R171 (2007).
[20] D. F. Litim, Phys. Rev. Lett. 92, 201301 (2004).
[21] H. Kawai, Y. Kitazawa and M. Ninomiya, Nucl. Phys. B 404, 684 (1993).
[22] Y. F. Cai and D. A. Easson, JCAP 1009, 002 (2010).
[23] B. Koch and F. Saueressig, Int. J. Mod. Phys. A 29, 1430011 (2014).
[24] K. Falls, D. F. Litim and A. Raghuraman, Int. J. Mod. Phys. A 27, 1250019 (2012).
[25] R. Yang, Phys. Rev. D 92, 084011 (2015).
[26] http://eventhorizontelescope.org/.
[27] http://blackholecam.org/.
[28] J.L. Synge, Mon. Not. R. Astron. Soc. 131, 463 (1966).
[29] J. P. Luminet, Astron. Astrophys. 75, 228 (1979).
[30] J. M. Bardeen, Black Holes, Edited by C. DeWitt and B. S. DeWitt (Gordon and Breach,
New York, 1973, p. 215).
[31] A. de Vries, Class. Quant. Grav. 17, 123 (2000).
[32] L. Amarilla, E. F. Eiroa and G. Giribet, Phys. Rev. D 81, 124045 (2010).
14
[33] L. Amarilla and E. F. Eiroa, Phys. Rev. D 87, 044057 (2013).
[34] A. Yumoto, D. Nitta, T. Chiba and N. Sugiyama, Phys. Rev. D 86, 103001 (2012).
[35] A. Abdujabbarov, M. Amir, B. Ahmedov and S. G. Ghosh, Phys. Rev. D 93, 104004 (2016).
[36] M. Amir and S. G. Ghosh, Phys. Rev. D 94, 024054 (2016).
[37] N. Tsukamoto, Z. Li and C. Bambi, J. Cosmol. Astropart. Phys. 1406, 043 (2014).
[38] K. Hioki and K. i. Maeda, Phys. Rev. D 80, 024042 (2009).
[39] C. Bambi and N. Yoshida, Class. Quant. Grav. 27, 205006 (2010).
[40] C. Goddi et al., Int. J. Mod. Phys. D 26, 1730001 (2016).
[41] R. Takahashi, Publ. Astron. Soc. Jap. 57, 273 (2005).
[42] S. W. Wei and Y. X. Liu, J. Cosmol. Astropart. Phys. 11, 063 (2013).
[43] A. Abdujabbarov, F. Atamurotov, Y. Kucukakca, B. Ahmedov, and U. Camci, Astrophys.
Space Sci. 344, 429 (2013).
[44] L. Amarilla and E. F. Eiroa, Phys. Rev. D 85, 064019 (2012).
[45] C. Bambi and K. Freese, Phys. Rev. D 79, 043002 (2009).
[46] F. Atamurotov, A. Abdujabbarov, and B. Ahmedov, Phys. Rev. D 88, 064004 (2013).
[47] M. Wang, S. Chen and J. Jing, J. Cosmol. Astropart. Phys. 1710, 051 (2017).
[48] R. Kumar, B. P. Singh, M. S. Ali and S. G. Ghosh, arXiv:1712.09793 [gr-qc].
[49] J. Schee and Z. Stuchlik, Int. J. Mod. Phys. D 18, 983 (2009).
[50] A. Grenzebach, V. Perlick, and C. La¨mmerzahl, Phys. Rev. D 89, 124004 (2014).
[51] B. P. Singh, arXiv:1711.02898 [gr-qc].
[52] V. Perlick, O. Y. Tsupko and G. S. Bisnovatyi-Kogan, Phys. Rev. D 92, 104031 (2015)
[53] F. Atamurotov and B. Ahmedov, Phys. Rev. D 92, 084005 (2015).
[54] A. Abdujabbarov, B. Toshmatov, Z. Stuchlik and B. Ahmedov, Int. J. Mod. Phys. D 26,
1750051 (2016).
[55] P.V. P. Cunha, C.A. R. Herdeiro, E. Radu, and H.F. Runarsson, Phys. Rev. Lett. 115, 211102
(2015).
[56] P. V. P. Cunha, C. A. R. Herdeiro, E. Radu and H. F. Runarsson, Int. J. Mod. Phys. D 25,
1641021 (2016).
[57] U. Papnoi, F. Atamurotov, S. G. Ghosh, and B. Ahmedov, Phys. Rev. D 90, 024073 (2014).
[58] A. Abdujabbarov, F. Atamurotov, N. Dadhich, B. Ahmedov and Z. Stuchlik, Eur. Phys. J. C
75, 399 (2015).
15
[59] B. P. Singh and S. G. Ghosh, Annals Phys. 395, 127 (2018).
[60] M. Amir, B. P. Singh and S. G. Ghosh, Eur. Phys. J. C 78, 399 (2018).
[61] R. Kumar and S. G. Ghosh, arXiv:1811.01260 [gr-qc].
[62] A.A. Abdujabbarov, L. Rezzolla, and B. J. Ahmedov, Mon. Not. R. Astron. Soc. 454, 2423
(2015).
[63] O. Y. Tsupko, Phys. Rev. D 95, 104058 (2017).
[64] S. W. Wei, P. Cheng, Y. Zhong and X. N. Zhou, JCAP 1508, 004 (2015).
[65] J. Maldacena and L. Susskind, Fortsch. Phys. 61, 781 (2013).
[66] S. B. Giddings, Phys. Rev. D 85, 044038 (2012).
[67] S. B. Giddings and D. Psaltis, Phys. Rev. D 97, 084035 (2018).
[68] M. Reuter and E. Tuiran, Phys. Rev. D 83, 044041 (2011).
[69] S. Haroon, M. Jamil, K. Lin, P. Pavlovic, M. Sossich and A. Wang, Eur. Phys. J. C 78, 519
(2018).
[70] B. Carter, Phys. Rev. 174, 1559 (1968).
[71] S. Chandrasekhar, The Mathematical Theory of Black Holes (Oxford University Press, New
York, 1992).
16
